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(Pdp dn — thang diém gom c6 09 trang)

PAP AN VA THANG DPIEM
Cau 1. (4 diém)

Noi dung | Piém

Cho ham sé y = f (x) = i—f ¢6 db thi (C).

a) Khao sat su bién thién va vé do thi (C) cua ham so y =f(x).

Tap xéac dinh D=R\{1}. 0.25
Paoham y'=——— <0, ¥x eD.

(X—1)2 0.25
Su bién thién:
Gigi han: lim y=1suyra y =1 la duong tiém can ngang cua (C). 0.25
Iirﬂ y =+, IirP y =—o0 suy ra x =1 la duong tiém can ding cua (C). 0.25

Bang bién thién:

X —0 1 +00
y' — —
y |1 +00
0.25
—00 1
Nhan xét: Ham s6 nghich bién trén cac khoang (—oo;1), (L +o0). 0.25
Do thi
Giao véi truc hoanh: Cho y =0 suy ra x =—1 suy ra (C)Ox tai diém (-1,0). 0.25
Giao véi tryc tung: Cho x =0 suy ra y=-1 suy ra (C)nOy tai diem (0;-1).
0.25




b) Tim hai diém A, B thugc vé hai nhanh cta d6 thi (C) sao cho AB ngén nhat.

(HS c06 the trinh bay theo m¢t trong hai cach sau)

Céch 1. 0.25
bt A(a+1;1+gj,B(l—b;l—%}e(c)
a
A, B nam vé hai nhanh cua d6 thj khi 1-b<l<a+1l<>a>0b>0 0.25
2 2Y . 4(a+b)’ 2( 4 j
AB=[(a+b) +| £+= =\/a+b +———=|(a+bh) | 1+—=— 0.5
J( Fo(2o2) - Jlmeny + M2 < ey (102
Ap dung BPT AM-GM ta co
0.25
(a+b)’ > 4abil+— >22. % = (atb) [1+%j >16
ab ab ab
a=>b 0.25
Dau “=" xay ra khi 4 <a=b=1=\2
~ a?
Vay AB, =4 khi A(1+/2:1+42),B(1-V2,1-2) .
Céach 2.
Tur d6 thi nhan xét rang AB_,_khi A, B chinh la giao diém ctia duong thang y=x va| 0.5
do thi (C)
Gidi phuong trinh hoanh d giao diém cta duong thang y =x va (C) tim duoc
A(1+2;1++72), B(1-+2;1- 2 ) hogc nguoc lai. 05
Chung minh: 0.5

Nhan xét rang tiép tuyén tai A,B cua (C) vudng goc véi duong thang y =x.
Goi E,F 1a hai diém tly ¥ ndm trén hai nhanh cua (C).

Chi xay ra mét trong hai truong hop sau:
THI:

AN

Néu E, F nam vé cing mot phia véi duong thang (c6 thé nam trén) AB, goi E',F' lan
luot 12 hinh chiéu cua E,F 1én AB.Khidota EF>E'F'>AB. Dau "=" xay ra khi
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E trung A va F trung B.

TH2: 0.5
AN
-
3_
2 B .
_E —_“-——-_——___
G
) 3 2 3
A
E - \
21 \
Néu E,F khong nam vé cung mét phia voi duong thang (khdng nam trén) AB, goi
E' F' lan luot 12 hinh chiéu cua E,F 1én AB va EF "AB =G . Khi dé ta co
EG>E'G,FG>F'G=EF=EG+FG>E'G+F'G=E'F'> AB.
Céu 2. (6 diém)
Noi dung biém
a) (Sin2x+c0s2x)cosx+2c0s2x —sinx=0.
(1) <> sin 2XCOS X +C0S 2X COS X +2€0S 2X —Sin X =0 0.25
& €05 2x(cos X +2) +sinx(2cos’ x—1) =0 0.25
<> €05 2X (COoSX +2)+sin X c0s 2X =0 0.25
< €0s2x(sinx+cosx+2)=0 0.25
cos2x =0 (2)
gl I
sinx+cosx =-2 (3)
0.5
@ ox="+ " (kez)
4 2
0.25
(3) v nghiém.
0.25
2xy? —y —\Jy? +1+2xy*\4x? +1=0 (1
b) Giai hé phuong trinh: (I) YA 4 ( )
x* —2\2x\Jy =23/x +6 +2 (2)
Diéu kién xac dinh: x>0,y>0 0.25




2 2 . 2
(1) = xy (2+2 4x +1)_y+«/y +1 0.95
Nhan xét y =0 khong phai la nghiém ctia hé da cho.
(Hoc sinh khong nhdn xét mdar 0.25 diém toan bai)

0.25

Véi y >0 ta co:
<:>2x+2x1f 2x + _—+— ’

Xétham sb f(t) =t+ty/t?+1 trén R taco

2
fi(t) =1+t +1+ ¢ >0,VteR
t*+1

Suy ra f (t) dong bién trén R . Tir d6 ta c6 0.5

(1)<:>f(2x):f(1jc>2x:1<:>2xy=1
y y

Thé 2xy =1 vao phuong trinh (2) ta co

x*—2=23x16+2x* ~8=2(¥x+6-2) 0.25

< (x=2)| x> +2x+4- - 2 =0
(§/x+6) +23x+6+4
2

(§/x+6)2+2%/x+6 +4

0.25

SX=2vXi+2x+4=

Taco

X2 +2x+4=(x+1)" +3>3 va 2 <1,Vx>0

(\3/x+6)2+2\3/x+6 +4 0.95

suy ra X*+2x+4= 2 vO nghiém.

(m)z +2m+4

Vay (xy)= (2;%) 1a nghiém cua hé.

c) C6 27 tam the dwoc danh cac s6 ty nhién tir 1 dén 27 (mdi thé danh ding mot s6). RUt ngau
nhién ba thé. Tinh xac suat dé rat duoc ba thé ma tong cac s6 dugc danh trén ba thé chia hét
cho 3.

Goi Q la khong gian mau caa phép thir “ldy ngau nhién 3 thé trong 27 thé”. Ta c6 | 0.25
|Q]=C3,.
Goi A la bién cb lay dugc ba thé ma tong cac sé duoc danh trén ba thé chia hét cho 3.

Trong cAc so tu nhién tir 1 dén 27 co: 9 s6 chia hét cho 3, 9 50 chia 3 duoc dula 1,950 | 0.25
chia 3 duoc so du 1a 2.

Dé tdng cac sb trén ba thé duoc lay ra chia hét cho 3 thi chi cd thé xay ra mot trong cac
truong hop sau: ’ ) ’
TH1. Trong ba thé dugc lay ra co 1 thé dugc danh so chia 3 du 1, 1 thé duoc danh s6 | 0.25




chia 3 du 2, 1 thé dugc dénh sb chia hét cho 3. S6 cach lay la CiCiC}

TH2. Trong ba thé¢ dugc lay ra c6 3 thé dwoc danh s6 chia 3 dw 1. S6 cach lay la C3 0.25
TH3. Trong ba thé dugc lay ra c6 3 thé dugc danh sé chia 3 du 2. S6 cach lay la C} 0.25
THA4. Trong ba th¢ duoc lay ra c6 3 the duoc danh s6 chia hét cho 3. S6 cach lay la C5 | 0.25
Tir d6 suy ra |A|=C;CiCq +Co +C5 +C; 035
;s 1~1~1 3 3 3 075
Vay x4c suat can tim la: P(A) = CoCoCy + C39 +Co+ Gy
C
27
Cau 3. (4 diém)
Noi dung [ Didm

a) Trong mat phang véi hé truc toa d6 Oxy. Cho tam giac ABC nai tiép duong tron tam
1(-2;-1), AIB = 90°, H(-1-3) la hinh chiéu vudng goc caa A 1én BC va K(-12) la
mét diém thudc duong thing AC. Tim toa d6 cac dinh A, B,C. Biét rang diém A c¢6 hoanh
do duong.

Goi M=IHNAC

Ta c6 cac goc AHB, AIB déu nhin canh AB dudi mot géc 90° suy ra tir giac AIHB
noi tiép suy ra CHI = IAB, ta ¢6 IAB = IBA = 45° (vi tam giac IABvudng can tai 1).
Mit khac ACB = %A/I\B = 45° | tir d6 suy ra tam giac CHM vuéng cén tai M, hay
IHLAC. 0.5
Hon nira tam gidc CAH c6 CHA = 90° va ACB = 45° suy ra tam giac CAH vudng
cantai H,suyra M latrung diém cua AC.

(HS chitng minh dwrgc 1H LAC va M la trung diém cia AC dugc 0.5 diém, HS thira
nhgn tinh chat khéng chizng minh mar 0.5 diem)

Phuong trinh duong thang (AC):x—2y+5=0 0.25
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Phuong trinh duong thang (IH):2x+y+5=0

0.25

Toa d6 diém M(=3;1).

Piém Ae(AC) < A(2t-5;t) = C(-2t-12—t) vdi teR. 0.25
AH L CH < AHCH=0<t=1vt=3, loai t =1 vi hoanh do A I16n hon 0.

Suyra A(13),C(-7;-1) 0.25
Phuong trinh duong thang (BC): x+3y+10=0 0.25
B(-3m-10;m),meR va IB=ICem=-1vm=—4, (loai m=-1vi B=C). Suy 028

ra B(2;,-4).

b) Cho tam gidc ABC (AB < AC). Puong phan giac trong géc A cat duong tron ngoai tiép
tam giac ABC tai diém D. Goi E la giao diém ciia duong trung truc ciia doan thang AC va

duong phéan giac ngoai cua goc A.Goi H la giao diém cua DE va AC. Puong thang qua
H va vudng goc véi DE cit AE tai F.Puong thing qua F va vudng goc véi AE cit AB

tai K. Chting minh raing KH song song BC.

D

Goi M, N,P lan luot 13 trung diém cia AB,AC,BC.

Taco w= F)C—cosBCD cosé ﬁ—cosNEC cos NEA =cosCAD = cosé
DC DC 2 EC 2

MN EN
Suyra — =—— (1
wra 5o =gc Y

0.25

~ —_— ~ —— —

Mt khac lai c6: MNE = MNA + ANE = C + 90° = DCB + C + NCE = DCE
suy ra MNE = DCE. (2)

0.25




Tu (1) va (2) suy ra tam glac MNE dong dang tam giac DCE, do d6 MEN = DEC suy
ra MEH = NEC = MAD diéu nay dan dén EAMD ni tiép, suy ra DM vudng géc ME | 0.25
(©)

Goi I 1a giao diém cua EM va AD, ta ¢6 IEH = IAH nén AIHE noi tiép, suy ra IH

vuong goc voi DE (4) 0.25
Tu (3), (4) va DA L FE suy ral la truc tdm tam giac FDE va F,M,D thang hang. 0.25
Xét AFMA va AHEAcO FAM = HAE va FMA = MAD + MDA = AEN + AEM =
0.25
AEN + NEH = AEH suy ra MA :ﬂ(S)
EA HA
KA FA
Mt khac dé thiy AFKA dong dang ANEA nén — =——(6
y g g EA NA( ) 0.25
MA NA
Tu (5) va(6)suyra —=——suyra MN//KH.
&) va @ suyra = P S 0.25
Cau 4. (3 diém)
Noi dung | Piém

Cho hinh chép S.ABCD c6 day ABCD Ia hinh chir nhat biét AB =a, BC =2a, tam gidc SAB
déu va ndm trong mat phang vudng géc véi mét phang (ABCD).

a) Tinh thé tich khoi chép S.ACD.

m

Goi H 1a trung diém cua AB, vi tam gidc SAB déu suy ra SH L AB, ma
(SAB) L (ABCD) va (SAB)(ABCD)=AB suy ra SH L (ABCD) 0.25

a3 0.25

ASAB déu nén SB=SA=AB=a va SH ==

ABCD la hinh chit nhat suy ra AC =BD =a+/5

0.25
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1 11 a3 a’\B
V ==.dt(ACD).SH ==.=.2aa.— =
sacD =3 ( ) 37 5 6 0.25
b) Tinh khoang céach gitra hai duong thang SC va BD.
Trong mat phang (ABCD) k¢ A//BD, khi dé d(BD,SC)=d(BD,(SC,A))
0.25
Trong mit phiang (ABCD) ké HE LA(EeA), HE cit BD tai F, kéo dai AB cit
. 0.25
A tai J.
Suy ra d(BD,SC)=d(BD,(SC,A))=d(F,(SEC))
Tu giac BJCD la hinh binh hanh suy ra BJ =CD suy ra BJ = AB ma A//BD suy ra
0.25
HJ _3—: vad(F (SEC))z%d(H,(SEC))
2a 3a
Tac6 AHEJ ddng dang ADAB suy ra E=ﬂ:> HE = DA H‘] 2 Sa\/g 05
DA DB a5 5
Trong mt phang (SHE)dung HI L SE(1 € SE).
EC L HE \
Taco = EC L (SHE)=EC L HI ma HI LSE 0.25
EC LSH
suy ra HI L(SEC)=d(H,(SEC))=HI
1 1 1 4 5 17 3a\17
ASHE cho ta = + = + = — HI =
HIZ SH? HE’ 3a’ 9a’ 9a° 17 0.25
Tir do suy ra d (BD,SC) = 2 3a\/_ 2a\17 0.25
3 17
Céiu 5. (2 diém)
Noi dung | Piém
Choa,b,c la cac s6 thuc khdng &m théa mén (a+b)(b+c)(a+c)>0 va a>max{b;c}.
f f f ,a 7(b+c
Chung minh rang a 11 i i ) E
b+c a+c a+b 2
Tachfrngminh:\/ b +\/ Cbz\/b+c (1)
: a+c \Va+ a 0.25
a ac
1)< + >
® \/(b+c)(a+c) \/(b+c)(a+b)
Taco
ab 2ab _ 2 0.25
(b+c)a+c) 2/a(b+c)b(a+c) bc+ac+2ab
Tuong tu ta ¢
0.25




\! (a+ b)(b+c) bc+ba+2ac

Tur d6 suy ra J(axo) \/(b+c)a(ca+b) >1vi a>max{b;c} 0.25
Xét ham sé g(t) _t+—+2\/1+7t1 trén (0;+o0)

( €7 -4) (2t +8J1 7 +21) 0.25
Taco g'( o

Vay g'(t)=0<t=3 (do t>0)

Lap bang bién thién, ta dugc GTNN cua g(t) trén (0;+%) la g(3) = % 025

Taco

E<g \/ a _\/ a b+c+2\/1 7(b+c)
2 b+c b+c 2 a
3 a 11 a+7 b+C)
\!b+c \/a+c \ja+ \j

0.25

DAu ding thirc khdng Xay ra nén ta co diéu can chirng minh 0.25

Céiu 5. (1 diém)

Nbi dung | Piém
Cho day s6 (u,) xac dinh boi
b =Ly, =2020,u_, = 2089 | (1 @)u_l,nzz
n n-1
Tinh lim (l+i+i+...+ij.
fotee ul u2 u3 |"In
Bién ddi v, = 20 +(1+2019J —20192 +1 0.5
n n-1 =) :
2019+1)(2019+2)...(2019+n-1
Suy ra un=( I ) ),nzz 0.25
(n-1)! '
1 1 1 1 1 n!
Suyra —+—+—+..+—=1+ - 0.25
u u, u u, ~ 2018 2018.2020.2021..(2019+n-1) :
i n! N 1 1 1 1 2019
o lim =0nén lim| —+—+—+..+— |=—— 0.25
N>+ 2018.2020.2021...(2019+n—l) el U U, U . 2018 '

Cha y: Moi l6i gidi diing déu dwec diém téi da ciia cau héi do.




